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The physical resources available to access and manipulate the degrees of freedom of a quantum
system define the set A of operationally relevant observables. The algebraic structure of A selects
a preferred tensor product structure i.e., a partition into subsystems. The notion of compoundness
for quantum system is accordingly relativized. Universal control over virtual subsystems can be
achieved by using quantum noncommutative holonomies
PACS numbers: 03.67.Lx, 03.65.Fd
In the last few years we witnessed a strong reviving of
the interest about the notion of quantum entanglement
[1]. This is mainly due to the essential role that such
a concept is supposed to play in quantum information
processing (QIP) [2]. Whenever one has a compounded
(or multi-partite) quantum system, in the space of ad-
missible states there exist states which display uniquely
quantum correlations. These states are referred to as
entangled and correspond algebraically to the existence,
in a vector space obtained by a tensor product, of vec-
tors |ψ〉 that are not expressible by a simple product e.g.,
|ψ1〉 ⊗ |ψ2〉.
Given a physical system S, the way to subdivide it in
subsystems is in general by no means unique. On the con-
trary it is a widespread praxis in theoretical physics as
well as in everyday life to consider different partitions into
subsystems in dependence of both the physical regime
and the the necessities of the description. It is is indeed a
quite common experience to refer sometimes to a system
e.g., an atom, as elementary and sometime as composite
e.g., made out electrons and nucleons. The emergence
of a distinguished multi-partite structure is strongly de-
pendent of the physical regime e.g., the energy-scale, at
which one is working and on the set of observations (ex-
periments) the observer is interested in. This is of course
a well-known lesson from history of physics e.g., funda-
mental vs composite particles, weak-strong coupling du-
alities, renormalization group etc.
Clearly even the notion of entanglement is affected
by some ambiguity being relative to the selected multi-
partite structure. States that are entangled with respect
to a given partition in subsystems can be separable with
respect to another. Or the other way around: states of a
system S that is regarded as elementary can be viewed as
entangled once S is endowed with a multi-partite struc-
ture. In this case one is in the, somehow paradoxical,
situation of having entanglement seemingly without en-
tanglement.
The above ambiguity is removed as soon as, according
to some criterion, a preferred multi-partite structure is
selected among the family of all possible partition into
subsystems. This selection has in most cases a well de-
fined meaning: the system S is viewed as composed by
S1, S2, . . . if one has some operational access (is able to
”access”, ”control”, ”measure”) the individual degrees
of freedom of S1, S2, . . .. In other terms it is the set
of ”available” interactions that individuates the relevant
multi-party decomposition and not an a priori, god-given
partition into elementary subsystems. In this letter we
shall make an attempt towards a formalization of the
ideas brought about by these simple remarks. Our final
goal is to provide a satisfactory algebraic definition of
what a quantum subsystem is in an operationally moti-
vated framework.
Let us stress that the notion of virtual subsystem that
we shall introduce admits as a particular instance the one
of quantum code [3], [4] and noiseless subsystems [5], [6].
This remark should make clear that virtual subsystems
already play an important role in QIP. In particular er-
ror avoiding quantum codes i.e., decoherence-free [4] have
been recently also experimentally observed [7], [8].
Compoundness and tensor products. Let us begin by
recalling the basic algebraic structures associated with
compoundness. Let S1 and S2 be two classical sys-
tems with configuration manifoldsMi (i = 1, 2). Roughly
speaking the associated quantum systems have state-
spaces given by Hi = F(Mi) where F denotes some suit-
able (complex-valued) function space over the Mi’s e.g.,
L2-summable functions. Notice that these spaces (ac-
tually abelian C∗-algebras [9]) are the classical “observ-
able” spaces; the quantum ones are given by the operator
(non-abelian) algebras End(Hi). In the classical realm
the manifold associated with the joint systems S1 ∨ S2
is given by the cartesian product M1 × M2. It follows
that at the quantum level one has HS1∨S2 = H1 ⊗ H2
indeed F(M1 × M2) is given by a suitable closure of
F(M1)⊗F(M2). This basic functorial identity is the
algebraic ground for the quantum theory axiom asso-
ciating to a bi-partite systems a state-space given by
the tensor products of the state-spaces describing the
subsystems. The extension to N -partite systems is ob-
vious. One has another elementary, yet remarkable,
1
functorial relation given by the canonical isomorphism
End(H1⊗H2) ∼= End(H1)⊗End(H2). Even in the quan-
tum realm the observable algebra associated with a joint
systems is given by the tensor product of the subsystem
subalgebras.
Our key observation is that different kinds of com-
poundness can emerge in the same system when one con-
siders different sets of observables as the physical ones.
Indeed quite often it makes sense to refer to a subalge-
bra A (rather than the full operator algebra) as to the
physical observable algebra. Limitations of physical re-
sources may lead to select a specific class of operators
to be considered as realizable. For instance energy sup-
ply limitations lead naturally to restrict to operators X
which have vanishing matrix elements between energy
eigenstates whose energy difference exceeds some bound
E. At the dynamical-algebraic level the selection of a
particular multi-party decomposition means that the al-
gebra of (operationally relevant) observablesA has a ten-
sor product structure (TPS) i.e, A ∼= ⊗Ai such that all
the observables belonging to the individual A′is can be
effectively implemented.
Before passing to general constructions it is useful to
consider a very simple example in which one has a set
of subsystems (degrees of freedom) associated with a
rapidly growing sequence of energy scales. Starting from
the ground state and increasing the energy available one
is able to excite more and more subsystems that at lower
energy were frozen. This situation is realized, for in-
stance, in systems in which one has confined directions
or in the cases in which an adiabatic decoupling between
fast and slow degrees of freedom has been performed: the
effective dimensionality of the system is a function of the
energy scale.
The TPS manifold. Let us consider an Hilbert space
H ∼= Cn with a priori no tensor product structure. A first
very natural question is how many inequivalent TPS’s
can be assigned over H? Or more physically: in how
many different ways H can be viewed as the state-space
of a multipartite quantum system? If n is a prime num-
ber there are no possibilities: the system is elementary.
If n is not prime it has a non-trivial prime factoriza-
tion: n =
∏r
i=1 p
ni
i (pi < pi+1). If the exponent ni of the
i-th prime factor of n is not one then several regroup-
ings are possible e.g., r = 1, p1 = 2, n1 = 3 ⇒ 3 =
1+1+1, 3 = 1+2 corresponding to the state-space fac-
torizations C8 ∼= C2 ⊗C2 ⊗C2 and C8 ∼= C2 ⊗C4. When
more than one pi appear in the decomposition of n we see
that many other possibilities of writing n as a product of
integers arise. In general, given n, we introduce the set
of factorizations Pn = {P ⊂ N /
∏
m∈P m = n} where
N denotes the set of natural numbers.
Given a factorization P = {n1 ≤ n2 ≤ . . . ≤ n|P |} ∈
Pn of n is assigned one has the (non-canonical) isomor-
phisms ϕ:H 7→ ⊗
|P |
j=1C
nj . In the following such isomor-
phisms will be referred to as tensor product structures
(TPS) over H, and subsystems of the associated multi-
party decomposition as virtual.
Given a distinguished TPS , say ϕ0, one can iden-
tify the group of unitaries U(H) and U(⊗jC
nj ) via the
algebra isomorphism U 7→ ϕ−10 ◦ U ◦ ϕ0. A suitable
quotient of this latter unitary group parametrizes the
space of inequivalent TPS’s. Indeed two elements U
and W of U(⊗jC
nj ) define equivalent TPS’s if either
U = U1W U2 where the Ui’s are multi-local transforma-
tion i.e., Ui ∈
∏|P |
k=1 U(nk), (i = 1, 2); or the Uis are per-
mutations of factors with equal dimension. In the first
case the TPS’s differ just by a change of the basis in each
factor, in the second by the order of the factors that in
turn amounts simply to a relabelling of the subsystems.
The space of inequivalent TPS’s over Cn will be denoted
by Tn.
Once a given multiplicative partition (ni) of n is chosen
along with a particular ϕ one has H = ⊗Ni=1Hi, (Hi :=
ϕ(Cni)) then End(H) ∼= ⊗Ni=1Ai where Ai := End(Hi).
For any set of unitaries in H labelled by the elements λ
of some manifold M, e.g., external fields, one can define
Ai(λ) := UλAi U
†
λ, (i = 1, . . . , N) that describes a family
of multipartite structures over H parametrized by points
ofM. As noticed above not all the points ofM necessar-
ily correspond to different TPS’s. Indeed it can happen
that different λ’s can result in the same structure e.g.,
UλAi U
†
λ = Ai. If a state is entangled (product) with re-
spect to a TPS labelled by λ ∈ Tn it will be referred to
as λ-entangled (λ-product).
If E:H 7→ R+0 denotes an entanglement measure over
H with respect to a given TPS, say λ = 0, one has that
Eλ := E ◦ Uλ is a λ-entanglement measure. In turn the
latter provides a natural measure of the ”distance” be-
tween the TPS at λ 6= 0 and that at λ = 0. Indeed it
appears quite natural to say that the more the λ = 0
product states are λ-entangled the more the TPS at λ
differs from the one at the origin. To make this idea
quantitative one has to make it independent on the par-
ticular state; this can be done either by maximizing or
by taking the average over all the 0-product states. In
this latter case one finds that the distance one is looking
for is nothing but the (square root of) entangling power
of Uλ [10]: e(U) =
∫
dψ1dψ2 E(U |ψ1〉 ⊗ |ψ〉2). Here the
integral is done with respect to the uniform e.g., Haar,
measure over the pure product state manifold.
In order to exemplify the notion of TPS manifold of
we now introduce a family of TPS’s over an infinite di-
mensional state-space parametrized by a group of N ×N
matrices. Let us consider N harmonic oscillators. The
global state-space is given by HN := ⊗
N
i=1Hi where
each of the factors is the single boson Fock space i.e.,
Hi = span {|n〉}n∈N associated with the annihilation
and creation operators ai and a
†
i , (a
†
i ai|n〉 = n |n〉). Let
U ∈ U(N) be a complex N × N unitary matrix. The
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operators aUi :=
∑N
j=1 Uji aj (i = 1, . . . , N) represents
new bosonic modes i.e., [aUi , a
U†
j ] = δij , [a
U
i , a
U
j ] = 0,
moreover one has H = ⊗Nj=1H
U
i where the H
U
j ’s are
the Fock spaces associated with the aUj ’s. Notice that
the Fock vacuum |0〉 := ⊗i|0〉i is U independent i.e.,
aUJ |0〉 = 0(∀U, j). One has H
U
j
∼= AUj |0〉 where A
U
j is
the algebra generated by aUj and a
U†
j . States like a
U†
j |0〉
are unentangled with respect to the TPS defined by the
given U but entangled with respect to the one associated
with e.g., U = 1 .
Virtual bi-partitions. Now we address the following is-
sue: when is it legitimate to consider a pair of observable
algebras as describing a bi-partite quantum system? Sup-
pose that A1 and A2 are two commuting ∗-subalgebras
of A := End(H) such that the subalgebra A1 ∨ A2 they
generate i.e., the minimal ∗-subalgebra containing both
A1 and A2, amounts to the whole A and moreover one
has the (non-canonical) algebra isomorphism
A1 ∨ A2 ∼= A1 ⊗A2. (1)
The standard, genuinely bi-partite, situation is of course
H = H1⊗H2, A1 = End(H1)⊗ 1 , A2 = 1 ⊗End(H2). If
A′1 := {X / [X, A1] = 0} denotes the commutant of A1,
in this case one has that A′1 = A2.
It is important to mention that a prototypical and
ubiquitous situation described by Eq. (1) is when A1
and A2 are local observable algebras associated to dis-
joint regions of space at equal time. More generally such
an independence of local degrees of freedom e.g., quan-
tum fields, is encoded in terms of commutativity between
observables supported on causally disconnected domains
[11]. Notice also the spatial separation between parties
e.g., Alice and Bob, is a common assumption in protocols
for quantum communication e.g, teleportation [2].
The point of view advocated in this letter is to con-
sider condition (1) as the definition of bi-partite system.
regardless the ”real” compoundness or not of the under-
lying state-space. Accordingly we shall consider as ”real”
entanglement the one occurring in that case. The (nearly
obvious) point is that: in order to take computational
advantage from this virtual entanglement one must have
access to i.e., to be able to control the subalgebras A1,2.
As far as the operations in A1 and A2 are easily realizable
(accessible) in the lab we shall consider them as primitive
and local, regardless how they look at the original level.
The theory of noiseless subsystems [5], [6] provides an
important exemplification as well as source of inspiration
for the approach to compoundness advocated here. Let
us consider a system made of N ”real” subsystems e.g.,
qubits. Suppose that the algebra of relevant interactions
is given by A1 ∪A
′
1 where A1 [9]
A1 ∼= ⊕J1 nJ ⊗MdJ (C). (2)
This decomposition reads at the state-space level as
H ∼= ⊕JC
nJ ⊗ CdJ . For a fixed label J one has that
the elements of A1 (A
′
1) act as the identity on the C
nJ
(CdJ ) factor. This means that the system is viewed, for
all practical purposes, as a bipartite one, in which the
observables of the first (second) subsystems are given by
A1 (A
′
1). For collective decoherence, A1 is the interac-
tion algebra generated by couplings with the environment
invariant under qubit permutations. While A′1 is given
by any linear combinations of permutation operators [6].
In particular the latter algebra is generated by exchange
i.e., Heisenberg like operators between the different pairs
of qubits [12].
Generally speaking Eq. (2) shows in which sense an
observable algebra A1 (A
′
1) is associated with a collec-
tion of virtual subsystems, i.e., the CdJ (CnJ ) factors,
labelled by its spectrum. It is worth to observe that
when A1 is abelian all the dJ ’s are equal to one. In this
case, if nJ > 1, the J-th factor of the state-space decom-
position describes a sort of hybrid bi-partite system in
which one of the factors is quantum whereas the other
represents a classical system with a one-point configura-
tion space. This is exactly the situation one meets in
the case of quantum codes, both error correcting [3] and
error avoiding [4]. In this latter case the algebra A1 is
generated by the operators coupling the computing sys-
tem with its environment and A′1 is the set of interac-
tions necessary to perform computations entirely within
the decoherence-free sector [6].
To make clear the connection with quantum error cor-
rection let us consider a set {Xi}
k
i=1 of k ≤ n linear inde-
pendent traceless ”parity” operators over H ∼= (C2)⊗n,
such that Xi = X
†
i , X
2
i = 1 , [Xi, Xj ] = 0, (i, j =
1, . . . , k). Following standard arguments of quantum er-
ror correction [3] one can show that the Xi’s generate
an abelian algebra A ∼= CZk2 . The associated state-space
decomposition is given by
H ∼= ⊕J∈Zk
2
C2
n−k
⊗C ∼= C2
n−k
⊗C2
k
. (3)
It easy to see that the commutant of A contains the al-
gebra of operators over the first factor in the decompo-
sition above This means that the set of operators with
well-defined parities defines and controls a virtual sub-
system of n − k bits. Analogously the set of ”odd”
operators ({O / ∃i {Xi, O} = 0}) defines and controls
the second k-qubit subsystem. For instance the parity
X1 := σx⊗1 defines the natural bi-partite structure over
(C2)⊗ 2 whereas X ′1 = σ
⊗ 2
x defines TPS such that states
like 2−1/2(|00〉 ± |11〉) are unentangled. Notice that in
errror correction theory the first (second) subsystem is
related to the code (syndrome). For any unitary U, the
operators Xi(U) := U Xi U
† span an algebra isomorphic
to A above. Again one has a continuous set of TPS’s
parametrized by points of a unitary group [13].
Turning back to the characterization of pairs of (finite-
dimensional) subalgebras satisfying Eq. (1) by using Eq.
(2) it is easy to prove the following [14]
3
Proposition Let A1 and A2 be two commuting ∗-
subalgebras of a finite dimensional ∗-algebra A. Neces-
sary and sufficient condition for the validity of (1) is that
A1 ∩ A
′
1 = C 1 i.e., A1 is a factor.
Holonomic control on subsystems. In this paragraph
we show that the Holonomic approach to QC [15] pro-
vides a natural setting for the issue of information pro-
cessing within a (virtual) subsystem.
Let X ∈ End(H) ∼= Mnd(C) be an hermitean opera-
tor with a spectrum of d iso-degenerate eigenvalues i.e.,
X =
∑d
i=1 xi
∑n
k=1 |ki〉〈ki|, and {Uλ}λ∈M ⊂ U(H) a
set of unitaries parametrized by the point of some (con-
trol) manifold M. Then the set of X(λ) := UλX U
†
λ,
is a family that in the generic case, for sufficiently
large D =dim M satisfies the conditions for (univer-
sal) holonomic quantum computation [15] on the n-
dimensional degenerate eigenspace Ci = span {|ki〉}
n
k=1
∼=
Cn ⊗ |i〉, (i = 1, . . . , d) of 1 n ⊗X. This implies that the
holonomy group Hol(Ai) associated with the connection
u(n)-valued 1-forms Aabi = 〈a| ⊗ 〈i|U
†
λ dUλ |b〉 ⊗ |i〉, d :=∑D
µ=1 dλµ ∂µ, (a, b = 1, . . . , n) is the whole U(Ci)
∼=
U(n) ⊗ |i〉〈i| [15]. By denoting collectively with A the
set of the Ai’s one can therefore write that
Hol(A) ∼= ⊕di=1U(n)⊗ |i〉〈i| ⊃ U(n)⊗ 1 d. (4)
The last inclusion tells us in that in the generic case
the holonomy group of A will contain the whole unitary
group of the Cn subsystem. Once the holonomic fam-
ily {X(λ)}λ is given, any transformation i.e., computa-
tions in the first subsystem can be generated holonomies.
Notice that, since for real quantum case one must have
n ≥ 2, the holonomy group is necessarily nonabelian.
Conclusions. We analyzed some the consequences of
the non uniqueness of the decomposition of a given sys-
tem S into subsystems. Such non-uniqueness implies, at
the quantum level, a fundamental ambiguity about the
very notion of entanglement that accordingly becomes
a relative one. One can parametrize the space of all
possible partitions i.e, tensor product structures, of a n-
dimensional quantum state-space by the points of a set
Tn. The fact of considering all the points in Tn on the
same footing (that amounts to establishing a democracy
between different TPS’s) provide a relativization of the
notion of entanglement. Without further physical as-
sumption, no partition has an ontologically superior sta-
tus with respect to any other. The subsystems associated
with all these possible i.e, potential multi-party decompo-
sition were referred to as virtual. A distinguished point
of Tn is selected i.e., made actual only once the relevant
algebra A of ”physical” observables is given. Indeed con-
sidering a given partition as the privileged has a strong
operational meaning, in that it depends on the set of re-
sources effectively available to access and to control the
degrees of freedom of S. Different sets of resources give
rise to different partitions physically relevant. We pro-
vided several examples of natural, though hidden, multi-
partite structures arising from the given algebraic struc-
ture ofA.We briefly showed that the holonomic approach
to quantum computation provides one natural way to
address the issue of controllability within virtual subsys-
tems. We believe that this democratic approach to quan-
tum compoundness is, on the one hand, sound from the
conceptual point of view, and on the other hand possibly
relevant to QIP.
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